We study the interplay between an isostructural critical point and dislocation-mediated twodimensional melting, using a combination of Landau and continuum elasticity theory. If dislocations are excluded, coupling to the elastic degrees of freedom leads to mean-field critical exponents. When dislocations are allowed, modified elastic constants lead to a phase buried in the solid state near the critical point. Consistent with a proposal of Bladon and Frenkel [P. Bladon and D. Frenkel, Phys. Rev. Lett. 74, 2519Lett. 74, (1995], we find an intervening hexatic phase near the critical point of the first-order isostructural transition line. Very close to the critical point, a transition from the hexatic phase to a modulated-bond-angle state is possible. Ising transitions in symmetrically confined two-dimensional colloidal crystals with attractive wall potentials require a difI'erent model free energy, which we also discuss.
First-order phase transitions preserving symmetry and possessing a critical point have been well understood for many years, the most common example being the discontinuous liquid-vapor phase transition. Such systems can be brought continuously from one phase to another by taking a thermodynamic path that passes around the critical point along the equation of state surface without sudden changes in density. Near the critical point, liquidvapor systems show critical opalescence, among other properties, peculiar to second-order phase transitions.
Recently, attention has been focused on solid-soLid phase transitions [1 -3] .
Especially interesting are isostructural transitions in which the lat tice spacing j umps discontinuously, but the symmetry of the lat tice remains unchanged.
A schematic phase diagram as a function of temperature T and particle density p is shown in Fig. 1 (at 6.7 GPa) and~to bcc (at 33 GPa) transitions, a lattice symmetry-preserving transition between two bcc phases occurs at 53 GPa [4] . Another experimentally convenient system with which to study solid-solid transitions is colloidal particles. Colloids are often observed to be in an ordered fcc or bcc lattice, useful, for example, in colloidal array filters [5] . The interaction potential between colloid particles can be chemically tailored to control the range of interactions. For example, one can vary the length of grafted polymers or change solvent properties [6] . Single layers of colloids can be confined to study the transitions of two-dimensional (2D) solids [7] . This has been achieved by squeezing colloidal particles between two flat plates [8] or floating them at an air-water interface [9] .
The theoretical study of the statistical mechanics of colloidal particles has utilized various analytical [3, 10 -12] and numerical [13, 14] methods. It is well established that hard spheres, with or without a superimposed attractive potential, can undergo a solid-fluid phase transition. When the attractive potentials are short ranged enough, experiments and theory demonstrate that the liquid-gas coexistence vanishes [14, 15] . The short-ranged attractive potentials required can be achieved with colloidal particles or in computer simulations. A recent numerical study [2] using particles with very short-ranged attractive potentials (attractive region less than 7%%up of the hard-core diameter) and at high densities show solid-solid phase coexistence. This behavior is consistent with the variational treatment of Tejero et al. [3] .
In this paper, we explore how defect mediated melting [16] As pointed out by Bladon and Frenkel [2] , an intervening hexatic phase (the product of the first stage in the two-stage melting scenario) is likely near a twodimensional isostructural critical point. Chen et al. , studying an isothermal, isobaric Lennard-Jones system, point out the large system sizes required in searching for a metastable hexatic phase [20] . Nevertheless, simulation measurements of elastic constants by Bladon and Frenkel [2] show that a dislocation instability (presumably leading to a hexatic phase) must develop in the vicinity of a solid-solid critical point. Since the compressibility diverges near the critical point in Fig. 1 , the effective bulk modulus must soften [2] . This softening of the bulk modulus promotes dislocation unbinding, which signals the solid-hexatic transition. In this paper, we explore these ideas using a simple physical model and determine how the existence of a solid-solid critical point may induce a nearby hexatic phase. The effects of elastic degrees of freedom on the Ising critical properties in the absence of dislocations are also considered.
Finally, even though most simulations exhibiting a solid-solid phase transition rely on a very-short-ranged attractive potential, longer-ranged soft potentials may also show similar behavior.
For example, the threedimensional solid-solid transition in dense Cs and Ce [21] may be pressure induced [1, 22] . Two-dimensional realizations such as confined colloids [8] and colloids [9] or Cso particles [23] at air-liquid interfaces also possess complicated short-and long-ranged interactions. However, the two-dimensional melting outlined relies only on a solidsolid critical point and is not sensitive to the microscopic mechanism of particle interactions.
In Sec. II we introduce two free-energy functionals including both elastic degrees of freedom and the Ising-like order parameter describing the isostructural solid-solid phase transition. Elastic deformations and the Ising order parameter are coupled via an interaction energy. We also brieHy discuss symmetrically confined colloidal crys- 
II. FREE-ENERGY MODELS
In this section we describe the free-energy functional for the physics near an isostructural critical point in terms of the elastic strain fields, an Ising-like structural order parameter, and an interaction between these degrees of &eedom. Dislocations, leading to multiple-valued. displacement fields will only be considered in detail in later sections.
A first-order transition in a scalar quantity such as density near a critical point can be described by an Ising model. Symmetries dictate the form of possible coupling terms. In the continuum representation, the "Landau- (3.9) so that the effective bulk modulus B(T) = p+ A (3.io) Consider the behavior of the effective elastic constant A near the (mean-fiel) critical temperature T* discussed above. Recall that ro(T*) = 0 and let us assume for simplicity that h, = 0 and T & T*. Since r' = r in this case, we have r'(T*) = r(T*) = g /B = g /(p+ A (4.5) where u in (4.5) is understood to be the lattice displacement due to the dislocation m, z --2 (8;u~+ O~u;).
These strains that satisfy the extremal equations guarantee vanishing of cross terms between u,~and m;~i n (4.2). We follow the treatment in Ref. [27] (4.13) where (4.9) where R is the linear sample dimension and c(a) is a function of the dislocation core size a. The most singular part of the energy (4.13) has the same form as the standard result, except with efFects of the coupling 'R;"t contained Fig. 5 .
We use the solution of the cubic equation (4.7) in (4.18 ) to obtain a quantitative picture in the 6-T plane. Phase boundaries for p = A = 107r in the ro/u-h/u plane are plotted in Fig. 6 . Phase diagrams topologically similar to those shown in Figs. 5 and 6 have been included in the study of liquid crystals [34] . More precise determination of the phase boundary would require a firstprinciples calculation of the unrenormalized elastic moduli p and A. This can be obtained for example by densityfunctional theory [12] or primitive cell models [1] . Our simple model, however, shows salient features of 2D melting induced by an isostructural critical point and agrees qualitatively with the simulated phase diagram of Bladon and Frenkel [2] .
V. EFFECTS OF MANY DISLOCATIONS
When many dislocations are present, the possibility of more complicated structures arises. In particular, dislocations may aggregate to form grain boundaries or extended domains where p may take on values diferent from pp, or for r p & 0 both domains of +yp and -pp phases may coexist. We will assume that these complex aggregates do not form. Here we assume a dilute dislocation gas and demonstrate that the renormalizationgroup recursion relations for the effective parameters are unchanged from those of the uncoupled melting theory.
The stress tensor associated with '8: -'R,~+ 'Rl +'R;"t The dislocation contribution to the strain m, , may be written in terms of the Burgers vectors [33, 24, 30] where V' G(x) = h(x) and C is a constant of order unity.
The 'R, '. "'", s[(p, b] 
In this section we examine the stability of the criticalpoint-induced hexatic phase. Within the hexatic phase, when many dislocations are unbound, the free energy is described by slow spatial variations in the bond angle field [35, 24] . The lowest-order symmetry-allowed coupling between the bond angle 0 and Ising order parameter has the form vV'0 V'p and the total free energy is (5.10)
The energy (5.6) can be analyzed by rescaling dislocation core sizes and distances in a way similar to that discussed in [25] . Although recursion relations for g and r as well as the elastic coeKcients can be found this way, it is simpler to construct recursion relations in terms of the effective coupling K. These recursion relations are [24, 25] K~V' 0+ vV' (p = 0, (6.2) -V' p + ry + -y -6 -v V' 0 = 0. (6 1) where K~is the hexatic stiffness constant; K~(T)~o o as the freezing transition is approached from the hexatic phase [24] . We now consider the behavior of the bond angle and density order parameter in the presence of disclinations. The hexatic phase predicted from the standard dislocation melting theory will melt into an isotropic fluid phase upon further increase in temperature. Proliferating disclinations cause this first-order transition.
For our model (6.1), we find that the interactions between disclinations and y fields decouple. To see this, we first write the extremal equations derived from (6.1), 6~6, 0: -0,0 + t9, p.
.4 (6 4) Note that Eq. (6.2) The density order parameter is assumed to be single valued; however, the bond angle 0 obeys the noncommutivity relation implied by a set of disclinations located at positions (x e, , B;0, 0 = m(x) = -) s 8(x -x ). (6 5) 
K~ ( 6.6) Using Eq. (6.6), we find that the terms coupling the disclination positions to p(x) vanish and
The strength of the 0.th singularity is measured by the charge 8 = +1. Thus we find g i/3K' -3K~Kc /K~, (6.10) provided that 1/q* is larger than the lattice or disclination cutoff size. K@ =K~-~~2 (6.9) where 0 represents the smoothly varying part of the bond angle field. In addition to a possible disclination unbinding transition, a finite-wave-vector instability may develop when higher-order terms in V'p are included in (6.7) . If we expand (6.7) to quadratic order about the minimum of p and average over the smooth density fI.uctuations, we find
We are grateful to D. Frenkel for a copy of [2] prior to publication and to B. I. Halperin, C. A. Murray, and 3. (6.7) or (6.8) shows that the interaction energy in (6.1) (A7) Thus, as in a pure elastic theory, the uniform strains impose a more stringent criterion on stability than do the finite-wave-vector modes. Therefore, as temperature is lowered [r = az (T -T, )], the uniform mode yo becomes unstable first.
